Combining the advantages of the stratified sampling and the importance sampling, a stratified importance sampling method (SISM) is presented to analyze the reliability sensitivity for structure with multiple failure modes. In the presented method, the variable space is divided into several disjoint subspace by n-dimensional coordinate planes at the mean point of the random vector, and the importance sampling functions in the subspaces are constructed by keeping the sampling center at the mean point and augmenting the standard deviation by a factor of . The sample size generated from the importance sampling function in each subspace is determined by the contribution of the subspace to the reliability sensitivity, which can be estimated by iterative simulation in the sampling process. The formulae of the reliability sensitivity estimation, the variance and the coefficient of variation are derived for the presented SISM. Comparing with the Monte Carlo method, the stratified sampling method and the importance sampling method, the presented SISM has wider applicability and higher calculation efficiency, which is demonstrated by numerical examples. Finally, the reliability sensitivity analysis of flap structure is illustrated that the SISM can be applied to engineering structure.
Introduction1
Reliability sensitivity analysis has been used to find the change rate of a model output due to the changes of the model inputs, which is usually solved by partial derivative or numerical method. It can rank the distribution parameters of the design variables and guide the reliability design. Therefore, it is important to develop an efficient method for assessing reliability sensitivity [1] [2] [3] [4] . There are two kinds of methods in general, which are approximate analysis method and numerical simulation method, for the reliability sensitivity analysis. Comparing with the numerical simulation method, the approximate analysis method is relatively simple. When the performance function is the linear function of normal random variables, the approximate analysis method can generate accurate reliability sensitivity results, but for the highly nonlinear performance function, this method can only give an approximate result with unknown precision. Furthermore, the approximate analysis method cannot be used for the structural system with multiple failure modes.
Y. T. Wu [4] presented a reliability sensitivity method based on the cumulative distribution function (CDF) of structural response variable, wherein the Monte Carlo simulation method could be used to compute the reliability sensitivity. However, the direct Monte Carlo simulation method demanded enormous computational cost for assessing the low probability events. Many variance reduction techniques, such as the importance sampling method [3] [4] [5] [6] [7] [8] [9] [10] , the stratified sampling method [11] [12] [13] [14] [15] , the line sampling method [16] [17] [18] , the directional simulation method [19] [20] [21] and the subset simulation method [22] [23] [24] , were developed to improve the efficiency of the direct Monte Carlo simulation method.
As an efficient algorithm with reduced variance, the importance sampling method is widely used to calculate the failure probability in reliability engineering. In Ref. [6] , the center of the traditional importance sampling is located at the design point of the limit state
Open access under CC BY-NC-ND license. equation, and up to 50% of sample size will fall into the failure region when the degree of nonlinearity of the limit state equation is quite low. This traditional importance sampling method needs to find the design point by the first order reliability method (FORM) or other optimization methods first, and it cannot be effectively used for conducting the reliability analysis under multiple failure modes. A new importance sampling function is constructed by keeping the sampling center at the mean point and augmenting the standard deviation by a factor of ( >1). The example given by Ref. [12] displays that this new importance sampling function is suitable to be applied to the calculation of the dynamical failure probability of structures.
In the stratified sampling method, the variable space is divided into several disjoint subspaces. Emphasis can be attributed by implementing more simulation in the subspaces that contribute more to the failure event.
The concepts presented in Ref.
[l4] are used to compute the transport properties of gases, and the stratified importance sampling method can reduce the calculation effort in calculating the true transport coefficients. Ref. [15] extended the stratified importance sampling method to calculating the failure probability of structural system with series multiple failure modes.
This article presents a novel reliability sensitivity method based on the stratified importance sampling method (SISM), which is the combination of the stratified sampling and the importance sampling for structural system with multiple failure modes. The presented method can significantly reduce the estimate of the variance and improve the sampling efficiency, and it is especially suitable to solve the highly nonlinear problems of structural system with multiple failure modes. The formulae of the reliability sensitivity estimate, the variance and the coefficient of variation are derived for the presented SISM.
This article is organized as follows. The available methods of reliability sensitivity analysis, such as the direct Monte Carlo simulation method, the importance sampling method and the stratified sampling method, are introduced in Section 2. Section 3 explains the concept and the implementation of SISM-based analysis method in the normal variable space. The feasibility and rationality of the presented method are verified with the numerical examples in Section 4. Section 5 summarizes the main advantages of the presented method.
Available Methods for Reliability Sensitivity
Analysis of Structural System
Definition of reliability sensitivity and its solution based on Monte Carlo method
Since the independent normal distribution is a representative distribution of random variable in reliability sensitivity analysis, and the non-normal distribution can be transformed into equivalent independent normal distribution [25] , we mainly investigate the case of independent normal distribution in this article. We assume that x=[x 1 x 2 … x n ] is an independent normal distribution vector, and i and i are the mean and the standard deviation of x i respectively.
In the structural system, we assume that the limit state equations of failure modes are expressed by
Thus, the failure region F m of g m (x) can be expressed by
When the failure modes are in series, the failure region F can be defined by
When the failure modes are in parallel, the failure region F can be defined by
And the failure probability P f of the structural system with multiple failure modes can be expressed by
where f (x) is the joint probability density function (PDF) of random vector x, D the variable space, and I F (x) the indicator of failure region, and when x F, I F (x)=1, otherwise I F (x)=0. By partially differentiating Eq.(5), the reliability sensitivity of P f with respect to the distribution parameter i (i=1, 2, … , n) ( i including i and i ) of the basic variable x i , i.e. f , i P can be obtained as follows:
where E[ · ] denotes the expectation value of operator. Obviously, the reliability sensitivity expressed by Eq.(6) can be easily calculated through the Monte Carlo simulation method [3] [4] , in which the expectation value is estimated by the mean of the samples generated from the PDF f (x).
Reliability sensitivity analysis based on importance sampling method
The direct Monte Carlo method has been used widely in reliability sensitivity analysis for its high precision. However, the huge computational cost is an obvious drawback of this method in assessing low probability events. By introducing an importance sampling PDF, denoted by h(x), the importance sampling method can improve the efficiency estimating the reliability sensitivity. Transforming Eq.(6) equivalently, the reliability sensitivity can be expressed by
The estimate of the reliability sensitivity based on the important sampling method can be given by
where x j is the jth sample generated from h(x).
Comparing with the Monte Carlo method, the traditional importance sampling method has lower computational cost, but it needs to search the design point with some other methods to construct the importance sampling PDF.
Reliability sensitivity solution based on stratified sampling method
The idea of the stratified sampling variance reduction technique is similar to that of the importance sampling method. The variable space D in the stratified sampling method is divided into several disjoint subspace D l (l=1,2, … ,L), and D l satisfies the following relationships:
where L is the number of the divided subspaces, and empty set. According to the contribution of subspace to the failure probability, the corresponding number of sample size is assigned to the subspace.
Assuming that P l (l=1,2, … , L) is the probability of D l , and l P F is the failure probability of D l , then P l can be expressed as
Thus, the failure probability of D l can be approximately estimated by The estimate of the failure probability based on the stratified sampling method can be expressed as the sum of ˆl P F , i.e.
By partially differentiating Eq. (13) with respect to the distribution parameter i , the reliability sensitivity estimate f P / i based on the stratified sampling can be estimated.
As a variance reduction technique, the stratified sampling method has lower computational cost, but it needs selecting an appropriate stratified strategy.
Reliability Sensitivity Solution Based on SISM for Structural System

Basic principle
Combining with the advantages of the importance sampling method and the stratified sampling method mentioned above, an innovative method, SISM, is proposed to analyze the reliability sensitivity of the structural system with multiple failure modes.
Assuming that h(x) is the importance sampling PDF of the whole variable space D, which can be divided into L disjoint subspaces D l (l=1,2, … , L) by several specific curved surfaces. The probability of subspace D l in the whole variable space D can be calculated by
Then h l (x)(l=1,2, … ,L) shown in Eq. (15) is selected as the importance sampling PDF of
By using h l (x) and the concept of the stratified sampling method, SISM is proposed, then the failure probability of the whole variable space can be estimated by
where j l x is the l j th sample drawn from D l with h l (x)
as the importance sampling PDF, and N l the number of samples drawn with h l (x). The variance of the failure probability estimate based on SISM can be derived by No.6
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By partially differentiating Eq. (16) with respect to the distribution parameter i , the reliability sensitivity estimate f / i P based on SISM can be derived by
The variance and the variation coefficient of
can be derived by Eqs. (19)- (20) respectively.
The important issues of SISM needed to be researched include the selection of the appropriate importance sampling PDF, the selection of the appropriate stratified strategy to divide the variable space D and the assignment of sample size for the subspace. These issues will be discussed in the following subsections.
Selection of appropriate importance sampling PDF for SISM
The selection of the appropriate importance sampling PDF h(x) is the key step for improving the efficiency of SISM. Theoretically, the best estimation of the importance sampling PDF h(x) is f (x)/P f . As P f is unknown and should be solved, the other methods must be considered for determining the importance sampling PDF. Commonly, the importance sampling PDF is chosen to be in a form which is similar to that of f (x).
In the traditional importance sampling method, the design point of the limit state equation should be searched through FORM to construct the importance sampling PDF. The importance sampling PDF for a simple random variable with single failure mode is sketched in Fig.1(a) . However, this traditional importance sampling PDF is difficult to be constructed in the case of the multiple failure modes. In Ref. [12] , a new kind of importance sampling PDF is constructed by keeping the mean vector of the basic variables invariable and augmenting the standard deviation by a factor of ( >1). This new kind of the importance sampling PDF with a simple random variable of a single failure mode is shown in Fig.1(b) . By introducing parameter and augmenting the standard deviation of the importance sampling PDF, more samples will fall into the failure region, and contributes significantly to the estimate of the failure probability. Thus, the convergence of the estimate can be improved. This new importance sampling PDF does not require the information of the design point of the failure region, therefore its application is as wide as that of the direct Monte Carlo method. It can be used to analyze the problems of single failure mode with several design points, series multiple failure modes, parallel multiple failure modes, and so on. Assuming that the basic variable x i (i=1, 2, … , n) is an independent normal random variable with the mean value of i and the standard deviation of i , i.e. x i~N ( i , 2 i ), the importance sampling PDF h(x) constructed through augmenting the standard deviation a factor of by can be expressed by Specially details affecting the convergence of SISM include the stratified strategy of selecting appropriate surfaces to divide the variable space and the assignment of the sample size of D l .
Three common stratified strategies are shown in Fig.2 [15] . Fig.2 Three common stratified strategies of SISM.
(1) n-dimensional coordinate planes method. The variable space can be uniformly divided into several disjoint subspaces by coordinate planes at the mean point of the random vector. The total number L of the subspaces can be calculated by L=2 n . The subspaces of a 2-dimensional variable space divided by two planes are shown in Fig.2(a) .
(2) n-dimensional polyhedron method. The variable space can be divided into several disjoint subspaces by several surfaces of polyhedron. The simpler the equation form of polyhedron is, the easier the sampling is. The subspaces of a 2-dimensional variable space divided by two polyhedron surfaces are shown in Fig.2(b) .
(3) n-dimensional hypersphere method. The n-dimensional variable space can be divided into several disjoint subspaces by several surfaces of hypersphere. The subspaces of a 2-dimensional variable space divided by two hypersphere surfaces are shown in Fig.2(c) .
Additional computational cost is needed to determine the appropriate forms and the number of surfaces for the n-dimensional polyhedron method and the n-dimensional hypersphere method. Moreover, it is difficult to directly estimate the value of P l in Eq. (14) , which is needed in h l (x). The stratified strategy of n-dimensional coordinate planes method is relatively simple, and P l can be directly estimated by ( 
Therefore, the most appropriate number of samples of D l , N l , can be expressed by Eq. (23) in case that the total number is N.
From Eqs. (22) for the kth iterative step can be computed by The number
for the (k+1)th iterative step can be determined by ( 1) ( (25) where N (k+1) is the total number of samples drawn from the whole variable space for the (k+1)th iterative simulation step.
The simulation procedure of SISM can be summarized as follows:
(1) Divide the whole variable space into L=2 n disjoint subsapces D l (l=1,2, … , L) at the mean point using the n-dimensional coordinate planes stratified strategy.
(2) Compute P l by Eq. (14), and construct the importance sampling PDF h l (x) by Eq. (15) . (3) Assign the sample size According to the information provided by kth step, (18)- (20) respectively. If the coefficient of variation f Cov ( ) i P is less than an assumed critical value, the iteration can be ended, otherwise, it is needed to reset k=k+1, and shift to Step (4). It should be noted that when the failure region F is axisymmetric with regard to the n-dimensional coordinate planes at the mean value point, then 1 2 L P P P
F F F
and the numbers of samples drawn from each subspace are the same, namely
In this case, the efficiency of SISM is equal to that of the importance sampling method.
Examples
Example 1: nonlinear limit state function
The non-linear limit state function is g(x)= exp(0.2x 1 +1.2) x 2 , where the basic random variables x 1 and x 2 are independent and have standard normal distributions. Through augment the standard derivation by a factor of 1 = 2 =2.0, the importance sampling PDF h(x) can be written as The results computed by four methods are shown in Table 1 . The results of Example 1 show that the presented method is suitable for the reliability sensitivity analysis of the structure with a single failure mode. The results calculated by the presented method are in good agreement with those calculated by Monte Carlo method, and the largest error of these results is 1.423%. The SISM has fastest convergence rate among the four methods. With the same coefficient of variation of the estimate of reliability sensitivity, the presented method needs minimum sample size, and the number of samples for this method is 5.028% of that for Monte Carlo method, 13.3% of that for stratified sampling method, and 60% of that for importance sampling method.
Example 2: parallel failure modes
Equations g 1 = 2 1 x 5x 1 8x 2 +16 and g 2 = 16x 1 + 2 2 x + 32 are the limit state functions of a system, and the limit state of the system is g = max(g 1 , g 2 ) , where x 1 and x 2 are mutually independent standard normal variables. The parameters are selected as 1 = 2 =2.0. The results computed by four methods are shown in Table 2 . The results of Example 2 show that the presented method is suitable for the reliability sensitivity analysis of the structural system with parallel failure modes. The results calculated by the presented method are in good agreement with those calculated by Monte Carlo method, and the largest error of those results is 1.681 0%. The SISM has the fastest convergence rate among the four methods. With the same coefficient of variation of the estimate of reliability sensitivity, the presented method needs minimum sample size, and the number of samples for this method is 5.975% of that for Monte Carlo method, 20.879% of that for stratified sampling method, and 35.185% of that for importance sampling method.
Example 3: serial failure modes
A 9-box structure is composed of 64-bar and 42-plate elements, and it is used to simulate the airplane wing as shown in Fig.3 . The material of the 9-box structure is aluminum alloy. The original data are taken from Ref. [26] . Two significant failure modes of structure system are enumerated by the optimum criterion method. The limit state functions 1 g and 2 g of two significant failure modes and the limit state function g of the system are shown as follows: Assuming that all the basic independent random variables are in normal distribution, the mean value and the variation coefficient of the applied load P are P = 150 kg and Cov(P)=0. The results of Example 3 show that the presented method is suitable for the reliability sensitivity analysis of the structural system with serial failure modes. The results calculated by the presented method are in good agreement with those calculated by Monte Carlo method, and the largest error of these results is 1.852%. The SISM has the fastest convergence rate among the four methods. With the same coefficient of variation of the estimate of reliability sensitivity, the presented method needs minimum sample size, and the number of samples for this method is 19.626% of that for the Monte Carlo method, 44.056% of that for the stratified sampling method, and 41.176% of that for the importance sampling method.
Example 4: engineering application of implicit limit state equations
An inner flap of an aircraft is a complex structure which is composed of a sub-flap and a main-flap. The finite element model of the inner flap is shown in Fig.4 . Result analyzed by finite element software shows that the strains at the Node 910457 and Node 920273 are most significant. Considering the factor of strain failure, the limit state functions 1 g and 2 g of two significant failure modes and the limit state function g of the system are shown as follows: display its dispersion characteristic, and in which F 0 is the given its aerodynamic load of wing. E 1 , G 1 , E 2 , G 2 and F are mutually independent normal variables, and their distribution parameters are shown in Table 4 . Only the importance sampling method and SISM are used to analyze the reliability sensitivity of this example, because of their huge computation cost, the Monte Carlo method and the stratified sampling method are not feasible to be used at this time. The results of Example 4 are shown in Table 5 . The results calculated by the SISM are in good agreement with those calculated by the importance sampling method, and the largest error of the results is 3.676%, which satisfies the requirement of the engineering precision. With the same coefficient of variation of the estimate of reliability sensitivity, the needed computing time of the presented method is only 54.57% for that of the importance sampling method.
Conclusions
Combining the advantages of the importance sampling and the stratified sampling, a new technique, SISM, is presented and used to analyze the reliability sensitivity. The formulae of the reliability sensitivity estimate, the variance and the coefficient of variation are derived for the presented method. Comparing with the stratified sampling method and the importance sampling method, the presented method can obtain more obvious variance reduction and efficiency improvement in calculation. The presented method is especially suitable for solving the reliability sensitivity of the structural system with multiple failure modes and highly nonlinear limit state functions.
